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Exact Integral Operator Form of the Wigner
Distribution-Function Equation in
Many-Body Quantum Transport Theory
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A formal derivation of a generalized equation of a Wigner distribution function
including all many-body effects and all scattering mechanisms is given. The
result is given in integral operator form suitable for application to the numerical
modeling of quantum tunneling and quantum interference solid state devices. In
the absence of scattering and many-body effects, the result reduces to the
“noninteracting-particle” Wigner distribution function equation, often used to
simulate resonant tunneling devices. The derivation uses a Weyl transform
technique which can easily incorporate Bloch electrons. Weyl transforms of self-
energies are derived. Various simplifications of a general quantum transport
equation for semiconductor device analysis and self-consistent numerical simula-
tion of a quantum distribution function in the phase-space/frequency—time
domain are discussed. Recent attempts to include collisions in the Wigner dis-
tribution-function approach to the numerical simulation of tunneling devices are
clearly shown to be non-self-consistent and inaccurate; more accurate numerical
simulation is needed for a deeper understanding of the effects of collision and
scattering.

KEY WORDS: Wigner distribution function; Weyl transform; non-
equilibrium Green’s function technique; quantum distribution function; many-
body quantum transport equation; quantum Boltzmann equation; Kadanoff-
Baym Ansatz; electron—phonon scatterings.

1. INTRODUCTION

Discussions of quantum transport-in the literature, starting with the work
of Kadanoff and Baym"’ and Keldysh,® using the Green’s function techni-
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que for dissipative systems initiated by Schwinger,® often focus on the
derivation of the so-called quantum Boltzmann equation (QBE).“ %2
Although these works give the essential corrections to the classical
Boltzmann equation, the resulting equations are not useful for application
to resonant tunneling heterostructure devices. The major reason for the
lack of usefulness is that these equations are obtained for a slowly varying
field in space and time. In heterojunction quantum-based devices, strong
nonuniformity in space coupled with very high-frequency operationt™
almost always invalidates these assumptions.

In recent years, numerical simulations and device characterizations of
resonant-tunneling devices (RTD) have been achieved through the use of
the Wigner distribution function equation,”'® first written by Wigner
more than five decades ago. These numerical simulations have clearly
demonstrated the potential of these quantum-based devices for very high
frequency operation in the tera hertz range.” The potential for the
practical utilization of these devices, and other quantum-based devices, for
commercial and military applications seems unlimited. Moreover, coupling
of the quantum transport numerical technique with the self-consistent
ensemble particle Monte Carlo technique will further enchance the
applicability of transport device physics for modeling novel heterojunction
devices. A way to couple accurately ensemble particle Monte Carlo with
space- and time-dependent quantum tunneling has recently been advocated
by the author™® via transformation of quantum transport into a “quantum
particle trajectory” representation.®)

The inclusion of many-body effects and scattering/dissipation in the
original Wigner distribution function equation, which is essential for a
realistic simulation of RTD in the quantum region, has not always been
clear in the literature. In most cases, these are done by using analogies
to the classical Boltzmann equation or by applying other heuristic
arguments'*?) and trying out in the computer to see if one gets reasonable
results. What is needed for more exact numerical work is an exact
formalism for including many-body effects and scatterings in the “non-
interacting-particle” Wigner distribution function equation. Any approxi-
mation must then be based on an exact formulation in order to define
clearly the range of validity of the approximation. To the author’s
knowledge, an exact formulation of a generalized Wigner distribution
function transport equation has not been treated in the literature. What has
often been treated is the generalized Boltzmann transport equation (QBE)
at very high constant electric field. Because of the highly nonuniform space-
and time-dependent field distribution in realistic devices, these types of
formulations are not of much help for the numerical work of device
physicists.
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The purpose of this paper is to present a formal derivation of a
generalized Wigner transport equation including all many-body effects and
scattering mechanisms, which is useful for numerical work. I use the theory
of the nonequilibrium Green’s function technique, originally treated by
Schwinger,® Kadanoff and Baym,!) and Keldysh.® From the equation of
motion for the nonequilibrium Green’s equations, the so-called quantum
Boltzmann equation follows when the assumptions of slow time and space
variations in the system are made. With an eye to numerical simulation,
I avoid these assumptions and formulate an exact integral form of a
generalized Wigner distribution transport equation which immediately
gives the conventional Wigner distribution function equation in the limit of
vanishing self-energies for nonrelativistic particles. In passing, it is worth
noting that all QBE results do not yield the noninteracting “single-particle”
Wigner distribution quantum transport equation in the absence of colli-
sions and scatterings.

2. NONEQUILIBRIUM GREEN’S FUNCTION FORMALISM

For a nonequilibrium or nonstationary system, where dynamics is
dependent on the direction of time, no state of the system in the future may
be identified with any state in the past. For this reason, expectation values
and Green’s functions are defined on a contour in which the time
arguments runs from the initial time ¢, to the “far” future (e.g., largest time
argument of the Green’s function) and then back to z,. With this definition,
a perturbation expansion of the Green’s function along the path is
analogous to the conventional many-body equilibrium Green’s function
expansion and a separation of many-body interaction terms into self-energy
parts and single-particle Green’s function terms is justified for expectation
values defined along this contour.

With time arguments along the contour, the nonequilibrium Green’s
function is defined as

iG(xl’llaXZatz)E<¢H(xl9tl) ilg(xz,tz)) (1)

where the time ordering operator T orders the time argument along the
contour. Thus, we may write also

G(x1, 11, X5, 1) =O(t1, 1) G7 (X1, 1, X3, )+ O(t5, ;) G=(xy, 11, X5, 15)

(2)

where
Ot, 1,)=1 if 1, islater on a contour than 7,

=0 if ¢ isearlier than ¢,
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Employing Feynman’s perturbation expansion method or Schwinger’s
variational"® method for introducing the self-energy, we have that the
Green’s function satisfies integral equations with time arguments defined on
the contour in the usual fashion as

§d2.G1(1,2) Gogl2 1) = 6,5(1, 1) 3)

§d2G,,(1,2) G2, 1) = 6,1, 1) (4)

Separating the self-energy, we have

§d2 Gg;x(la 2I) Gaﬂ(za 1,) = 5ocﬂ(17 1I)+§ d2 Zozo’(la 2) Ga’ﬁ(za 1,) (5)

(j; d2 G,,(1,2) G(;;(Z, 1) =0,4(1,1") +3€d2 G,.(1,2) X 5(2, 1)  (6)

where

1 h o / .
R R ] R LR )

The last two equations give the equations of motion obeyed by the Green’s

function
hoo h
—_——— - -V G (1,1
[ i oty Ea( i 1)] o8l )

= 0,p(1, 1’)+§d2 2.6(1,2)G 52, 1) 8)
Ao # ,
a2 (o) et
= 8upl1, 1)+ d2 Gopl1,2) Zgy(2, 1) ©)

which correspond to the well-known Dyson equations,
Gop(1,1)= G, 1)+ d2§d3 G2,(1,2) £,,(2,3) Gyyl3,1) (10)

Gopl(1,1) = G21, 1) +3€d2 56 d3G,.(1,2) £,,(2,3) G%(3,1) (1)

In the above equations, E, (k) is the energy band function for band index
®, time integration is along the contour, and the Finstein summation
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convention for the Greeck indices is used. The “self-energy” X has the
following general form™*19:

T (1, 2) = 8(1,, 1) T (xy, xa, 1) + 0021, 12) Z5(1,2)

+0(t,, 1) L 5(1, 2) (12)
where

SVHF _ p(x,) 8.5(1, 1’)—}—2?;(351’ X1, 1) (13)

and V(x,) is the external potential and X5 (x;, x,, ¢;) is the Hartree-Fock
approximation to the self-energy.

For simplicity in what follows we will consider only a one-band model
and drop the Greek indices altogether. However, the inclusion of multi-
band indices is straightforward and the treatment is analogous to the
method given by Korenman'® in his work on gas lasers. For deriving the
quantum transport equation, we are interested in the equations for
G<(x,,;, X5, 1), which is related to the particle densities. These are
obtained from Egs. (8) and (9) by fixing the order of the time arguments
in the Green’s functions. From Eq. (8), we have

h oo h -
T e (-im)|een

=jdx2 IV (xy, x5, 1) G2 (X0, 15, 1)

+f1 d2[Z7(1,2)— 2<(1,2)] GZ(2, 1)

0
70
+f d2X3(1, 2D)[G>(2, 1) —=G=(2, 1')] (14)
which corresponds to Eqs. (8.27a) and (8.27b) of Kadanoff and Baym,®

where the expectation values are taken with respect to the equilibrium

density operator, which in the limit 7, > —co gives the same results. From
Eq. (9), we have

oo /i o
e (i) feran
= [ dv, G3(1, x5, 1) ZV9¥ (a3, xy, 11)
+| A2 [G7(1,2)=G<(1,2)] £2(2, 1)
)

+jt° d2 G2(1,2)[£7(2,1)—Z=(2,1")] (15)
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which corresponds to Egs. (8.28a) and (8.28b) of Kadanoff and Baym."
To transform the above equations into representation-independent
equations, in the limit t, » —oo, we need to defined advanced and retarded
functions on the real-time axis (i.e., not on the contour) for the Green’s
functions and self-energy functions. For arbitrary double-argument func-
tions in space-time, we define

F1(1,2) =001, — ) [F7(1,2) = (F=(1, 2)] (16)
F(1,2)= —6(1,— t)[F>(1,2)— F=(1,2)] (17)

These “unequal-time” functions essentially describe the propagation of
particles. Therefore, using the above definition of retarded and advanced
functions, we can write Egs. (14) and (15) as follows:

fl 5 > 3 > =
— - GA(L1)=#G* +2G* + £3G° (14a)
1
ho .. > -z >
o GR(L1)=GR A+ GXF+ G (15a)
1

where

H(1,2)= [Ed (— §V1> + V(l)] O(1—=2)+6(t, — 1,) ZHF(x,, x5, 1) (18)

The inclusion of the exchange term introduces nonlocality in space in the
effective potential included in #. Essentially 3 incorporates the dynamical
properties of the particles, whereas terms involving X< describe the
scatterings.

In order to obtain the time evolution equation for the densities, first
we have to subtract Eq. (15a) from Eq. (14a), which yields coupled equa-
tions for G< and G~,

fi /0 0 S ,
—;(a—tl-‘ra)G (1,19

=[H#,G2]+2' G2 -G X2+ I2G - G=r° (19)
which can be written in entirely representation-independent form as
[G° ' =2, G2 ]=(2"GZ +232G)~ (G2 +GZ2x%) (20)
where

2oL, 1)y =8(1, 1) V(1) +6(t, — t) T (xy, xy, 2y) (21)
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Square bracket indicate commutation of terms separated by a comma. It is
easy to show that Eq. (20) can also be written in the following form:

[G°' =27, G3]=3{(Z —2°), GZ} +§[(Z"+ 29), G*]
IR (G +GN]-3{ZR, 67 -6 (22)

which is the result obtained by Langreth and Wilkins'® using the analytic
continuation procedure of Kadanoff and Baym."") The curly brackets in
Eq. (22) indicate the anticommutation operation of terms separated by a
comma.

We note that the self-energies and Green’s functions obey the Her-
mitian relations

[iF(1,2)1 = iF(1, 2) (23)
[iF%(1,2)]" =iF%(1,2) (24)
[F(1,2)]" =F(1,2) (25)

Indeed, for the “fixed-time order” Green’s functions we have, for example,
G=(1,2)'=G"(2,1)

=iy (1) Yu(2))%

= —iYL(2) Y1)

=—-G=<(1,2) (26)
Therefore, we have [iG=(1,2)]"=iG=(l,2), ie., iG=(1,2) is self-adjoint,
which is the reason why Kadanoff and Baym!" like to multiply the
Green’s functions by i when taking their “Fourier transform in relative

coordinates,” since the results are real quantities.
From Eq. (25) we can define Hermitian functions,

Re F'(1, 2):% [Fr(1,2)+ F(1,2)] (27)
[Re F(1,2)]1" =Re F(1, 2) (28)
Im F'(1, 2):—21—i [F(1,2)— F'(1,2)] (29)
[Im F'(1,2)]" =Im F'(1, 2) (30)

The significance of the above definitions stems from an important result
that the Weyl transform”) (more will be said about this later) of a
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Hermitian operator is a real quantity. This can casily be seen, for instance,
in Hermitian Hamiltonian operators, where the Weyl transforms corre-
spond to the classical expression for the energies, which are real. We also
have the relation

Re F'(1,2)=ie(t; —t,) Im F'(1, 2) 31)
where the skew-symmetric function (¢, — £, ) is defined as
e(ty — 1) =002, — 1) - 01, — 1) (32)

For further simplications of Eq.(22), we define the Hermitian
functions

A(1,2)= —2Im G'(1,2) =[G~ (L, 2)— G=(L, 2)] (33)
I(1,2)= —2Im 27(1,2)=i[ 27 (1, 2) — Z<(1, 2)] (34)

which also allows us to write

—1i

Re G'(1, 2)2—2—8(ll—t2)A(1, 2) (35)

ReZ’(1,2)=:2—is(t1—tz)F(1, 2) (36)

These were also employed by Kadanoff and Baym'" for defining real
quantities from the Green’s functions and self-energies. Thus, Eq. (22) can
be written as

1 5 1
—[G° ' —3°_-ReX,GZ]—=[2%, ReG"]
i i

1 1
=3 ZE,A,—'— FaGZ 137
LzEa) - L inet) @)

which is the same as that obtained by using the analytic-continuation
procedure of Kadanoff and Baym.®

Equation (37) is completely solved if we know G= and G~. However,
it is more convenient to know G = and G or G” and G°, since any one of
these combinations describes both densities and the propagation of distur-
bances in the medium, and hence give a complete description of a non-
equilibrium process. For obtaining the time evolution equation of a
generalized Wigner distribution transport equation, we require the time
evolution equation for G< and knowledge of G'. The equation for G~ is
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given by Eq.(37). The equation for G can easily be obtained from
Eq. (14a) by taking the difference of the appropriate equation for G< and
G~ contained in Eq. (14a). A more straighforward and rigorous procedure
is to convert the “contour” integral in Eq. (5) into integration on the real-
time axis. This is done following Schwinger,® Craig,'® Korenman,**) or
Keldysh® to yield the same matrix equation result as follows:

( 0 (G1=2°)G7 (0 G
(GO 1= 3%)G" (GO '—3F ) \J'G' QG+I'F

.y (‘1’ (1)) (38)

F=G” 4G~
Q=x> 417

where

Equating the matrix elements yields the equations for G', G° and F given
by Keldysh.® We have

(G()fl_Z(S)Gr: 1 _’_ZrGr (39)
(GO—I azé)Ga: 14 XeGe (40)
(GO - ZF=QG*+3'F (41)

These are the differential forms of the equations. One can also obtain the
integral] forms using the Dyson equation in the time contour of Eq. (10), by
converting to real-time axis integration according to Schwinger,®
Craig,"® and Keldysh® and employing the linear canonical matrix
transformation of Keldysh.® The following matrix equation results:

(0 G3_<o <W3+< 0 GG o
Gr F - GOr FO GOrerr FOEaGa+G0r(QGa+ZrF) ( )

where the self-energies include the 2°. Equation (42) yields the integral
equation for G’, G and F,

Gr — G()r + GOrerr (43)
G* = GOa + GOazaGa (44)
F=F1 + £°G*) + G(QG" + 2"F) (45)
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Using Eq. (39), or Eq. (43), as obtained from Eq. (10), with corresponding
results obtained from Eq. (11), and using the notation of self-energies in
Egs. (42)-(45), we may write Eq. (45) as

F=(1+GZ")F(1+2°G") + G’QG* (45a)

The integral equation for G= can now be readily obtained from the above
results, since

G<=3(F-G + G (46)

The same result for the integral form of G= can be obtained directly from
Eq. (10) by converting the integration to the real-time axis, employing
Schwinger’s definition of the matrix form of the nonequilibrium Green’s
function on the real-time axis,” but without use of the Keldysh
transformation,® to yield the following matrix relation:

(Gc —G<>_ G —Gg

-G> G ) \-G; G
GY(Z°G°—Z=<G™) G{(E<G—2G~)
—GF(E7G—5G™)

[G;(ZCGC—Z<G>) G
—G{(X>G—2G™)

where G° (=G"+ G =) stands for the chronological Green’s function and
G [= —(G*—G=)] is the antichronological Green’s function, with a
similar definition for the self-energies. Equating the matrix elements for
G=, we have

G2 =GZ(1+2G*) + GH(Z2G + 2'G®) (48)

which gives exactly the identical result for G= as that obtained from
Eq. (46). We also note that adding the equations for G> and G= of (48)
gives the equation for F in Eq. (45), just as the sum of the differential equa-
tions for G=. and G~ in Eq. (14a) gives the differential equation for F in
Eq. (41). Separating the terms that depend explicitly on the boundary
condition (i.c., initial condition), we may write Eq. (48), using Eq. (43) for
G’, as

GZ=G'22G"+(1-GyZ) 'GE(1+2G*) (49)
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which can also be written as
G2=G'Z2G+(1+ G2 GZ(1 + 2G*) (50)

where the second term in the last equation depends on the initial condition.
Note that by adding the equations for G< and G~ in Eq. (50) gives the
equation for F given by Eq. (45a).

3. PHASE-SPACE FREQUENCY-TIME DOMAIN EVOLUTION
EQUATION OF A QUANTUM DISTRIBUTION FUNCTION

Let us rewrite the differential equation for G= in Eq. (37) as

(—6—+£)G<(1 1')—1 [#,G=<](1, 1
oty ty D)= 4 0710 )

1
+_—h— [Z2=,Re G"](1,1)
i

1 < ’ i < ’
35 (AL 1) = {MLGTHL L) (5D

where _
H =# +Rel (52)
We transform the space-time variables as follows:
t,=T-—1/2, ri=q—v/2
1 1 (53)
ty=T+1/2, r,=q-+v/2

We define 4-dimensional vectors in terms of these variables and their
conjugate variables following Schwinger® as

r=(pE), E=thw
=(q, 7) (54)

v=(v, 1)

In terms of these variables, we can immediately write Eq. (51) as

GT (VTq,T) _[%:G ](v:taq’T)
1
+1Th‘[2<, Re G"](v,1,q, T)

{2 LA}V 7,4, T)——{r G<}v,1,q,T) (55)

822/61/5-6-18
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The Weyl transform a( p, q) of any operator A is defined by the relation'”
a(p.q)=] dv ¢ (q=4v1dlq+ 10>

=W A, 1,q T) (56)

Therefore, if we take the Weyl transform of both sides of Eq. (55), we
obtain a phase-space frequency-time domain evolution equation for

G=(p; 9).
To evaluate the Weyl transform of the terms involving commutator

and anticommutator on the right-hand side of Eq.(55), we need the
following result valid for any two operators A and B:

W[4, B1(v, 7, q, T)=2isin(4) a(p, 9) b(p, q) (57)
W{A, B}(v,1,q, T)=2cos(4) a(p, q) b(p. q) (58)

jofifon ot o &
" 2\dq op 0Op Oq
is the “Poisson bracket” operator. Applying these results to Eq. (55), we
have the evolution equation for G=(p, ¢q) given as

_where

& 2 .. -
6_TG (p, E, q, T)—Esm(A)H(p,q)G (p, q)

2. .
+£sm(A) Z=(p.q)Re G'(p, q)

1 .
+%cos(/1) 2=(p,q) A(p, q)

1.
— 2 eos(A) I(p.9) G=(p.q) (59)

To the author’s knowledge, Eq. (59) has not been given in the literature.
What is usually given by most authors are the first few terms of Eq. (59),
obtained from the very beginning of their formulations, corresponding to
the first-order terms in the gradient expansion of Eq. (59) to derive the
quantum Boltzmann equation (QBE). Indeed, it easy to see that, by
writing

<

oT

cxpanding Eq. (59) to first order in the gradient, using Egs. (33) and (34)
for the definition of 4 and I, and noting that Kadanoff and Baym define

9B (6=)  BLE) p(G%)
(0 EqT)= —<————————> EG=(p,E,q,T) (60)
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the Weyl transform with the multiplier i, we immediately recover the basic
and classic result of QBE, given by Kadanoff and Baym [Eq. (9.30) of
ref. 1]. Note that to first order in the gradient expansion, the last term of
Eq. (59) resembles the relaxation-time approximation for “dilute” systems.
However, all QBE results do not give the original Wigner distribution
function equation in the limit of vanishing self-energies, and these clearly
reflect the inadequacies of QBE for the application to a realistic simulation
of quantum-based semiconductor devices. Therefore, all QBE results given
in the literature are not applicable to advancing the numerical simulation
of resonant-tunneling devices”'?) to include all many-body effects and
scattering mechanisms. Indeed, Eq. (59) also gives a more general result
valid for particles with arbitrary energy-momentum relation, given by
Kubo et al.*) in the limit of vanishing self-energies or in the absence of
collision terms.

For numerical simulation purposes, an exact integral form of Eq. (59)
is most useful, and is the form which reduces in the limit of vanishing self-
energies to the original Wigner distribution function equation, which has
been successfully used in the numerical simulation of RTD.!? To convert
to the integral operator form from the differential operator (trigonometric
function of Poisson bracket operator) in the right-hand side of Eq. (59), we
need the following general results, using 4-dimensional vectors derived in
Appendix A,

sin(A) a(p, q) b(p, q) = qu dp' Ky(p,q—q5q,p—p)b(p,q) (61)

h4)2
cos(d) a(p, q) b(p, )= (h4 qu dp' Ko(p,q—q'59.p—p)b(p',q') (62)

where

K(p.9—q59.p—0)
_ 2 /
=[dodjexp| Z)-(a-q)
><{a(p—j,q+2)—a<p+j,q—E sin(—p—_—lﬁ-u (63)
2 2 #
KAp.9—q59, p—p')

=[waresp| 37-ta-0))]

x{a(p+j,q—§)+a<p—j,q+§)} cos(lg—p’)m (64)
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Applying the results given by Egs. (61)-(64) in Eq. (59) and replacing T by
t, we have the exact integral operator expression of the rhs of Eq. (59)
given by

—G’ (p, E,q,0)=

& qude(p,q 959, p—p)G(p.q)

2
0y
2 7 7 r ’ 1
W)Zqu dp' Kx<(p,q—4q'59, p—p')Re G'(p', ¢')

2 ’ r ?
W qu dp' K5<(p,q—q'¢, p—p)ImG'(p', q')

R
(h*)?

qu dp' Kr(p, 4 =434, p—P)G=(p', ¢') (65)

Equation (65) is the most general expression for the time evolution of the
particle density, —iG<(p, E, q, t), in the phase-space/frequency—time
domain. It describes all nonlocalities in the phase-space and energy-time
domain, and therefore incorporates the “broadening” of a é-function of
energy due to “intracollisional field effects,” and the broadening in a
S-function of the time due to memory effects, in addition to the usual non-
localities in the phase space of any scattering process.

The time evolution of a generalized Wigner distribution function
f.(p, 4, 1), which corresponds to the classical distribution function in the
kinetic theory of gases, follows from Eq. (65) by multiplying both sides of
the equation by —i and integrating over all energies. Here we use the
definition of Wigner distribution function in terms of ficld operators as
the statistical ensemble average of the second quantized Klimontovich
operator,‘!”)

f(p g t) =fdv elhe-y <l//T <q+%, t> W (q——%, t>> (66)

Expressed in terms of Green’s function, we have

i 1 i
fupa=[aver —ic< (a-gvra+zve)

1
Wrv_iG<(g—2 g4s
jdvdEe iG (q 2,q+2v>

:*Ib—‘ k‘l»—‘

de iG=(p, E, q, ) (67)
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where we have switch to the 4-dimensional vector notation in the second
line of Eq. (67). Therefore Eq. (65) becomes

d
afw(paqat)
2 dld Vd S ’. ’ ; G< ’ ?
ZWJ q' dp" dEK’5(p,q— 454, p— P’ N—1)G=(P', q")
2 f ! i r ! /
) 4 AE K (p g =454, p = PN~ D ReG(pq)
2 ! ) r ! !
~ G ) 4 K a =450 = p)(=1) IM G (0 )

~ G| 4 0 B K (g p= P N1 G0 ) ()

Equation (68) represents an exact integral form of the equation for a
Wigner distribution function in many-body quantum transport theory,
which include all scattering mechanisms, all many-body effects, and all
nonlocalities in the phase-space and frequency-time domain. Hence, Egs.
(65) and (68) describe all types of transport phenomena without any
restriction on the variation of all quantities in phase space. The first two
terms in the rhs of Egs. (65) and (68), which derive from a commutation
of two operators in Eq. (37), may be viewed as describing the motion of
particles in phase space with a more complicated energy-momentum
relation due to the influence of potential and scatterings. The last two
terms in these equations, which derive from the anticommutation of two
operators in Eq. (37), describe particle transfers in phase space due to colli-
sions and scatterings and correspond to the collision terms in the classical
Boltzmann equation. In other words, whereas the first two terms of Egs.
(65) and (68) account for the complicated quantization of particle motion
(ie., include quantum tunneling and interference phenomena) in phase
space, the last two terms account for the “broadening effects” on these
motions due to scatterings and collisions. Indeed, for slowly varying
systems, and for conditions of the validity of QBE to hold, the contribu-
tions coming from the second terms of Egs. (65) and (68) can also be
neglected, leading to a relaxation type of approximation to the collision
terms in the QBE.

4. EVALUATION OF THE SELF-ENERGIES

A diagrammatic evaluation of the nonequilibrium Green’s function
defined on a contour is analogous to its equilibrium counterpart®»? and

? However, see refs. 14 and 20 for exceptional cases.
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therefore leads us to consider the corresponding fundamental quantities of
many-body theory®! in terms of an “effective interaction” (closely related
or referred to as the scattering amplitude or vertex function) and self-
energies evaluated in an analogous manner to that of equilibrium many-
body theory. Effective interactions also often obey the Dyson equation with
a “proper self-energy” = represented by the proper polarization diagrams
for the two-body Coulomb interactions, and by the sum of the so-called
“bubble diagrams” for interactions involving the exchange of phonons.

The first-order and lowest-order “irreducible” diagrams for the self-
energy are often referred to as the Hartree-Fock approximation. For
electron—impurity scattering in impure systems this corresponds to the
virtual-crystal approximation. These first-order diagrams will only result in
the renormalization of the energy—momentum relation for the particle.
Next-order self-energy diagrams for electron—electron interactions are
called the Born diagrams, and are similar to the Born approximation for
the lowest-order self-energy for the electron—-phonon interactions.

Higher levels of approximation for the self-energies involve infinite
resummation with a selected class of “irreducible diagrams” to all orders in
the perturbation. Most often this approach leads to the well-known Dyson
equation for the quantity being sought. The self-energy is expressed in
terms of the effective interaction or vertex function, which is approximated
as a summation to all orders of bubble diagrams or “ladder” diagrams, as
in the random-phase approximation (RPA) or s-matrix approximation to
the vertex function. The RPA diagrams correspond to the use of the
dressed or effective interaction in the Born approximation.?

For electron scattering by impurities the single-site #-matrix method
involves infinite resummation of all terms involving repeated scattering
by the same impurity site or repeated multiple scattering by the same
impurity. This result in a self-energy expression which can either be given
linear in the impurity concentration for the low-concentration limit, as well
as including all orders of the concentation for large concentration of
defects, which reduces to the virtual-crystal approximation in the limit
when the relative concentration of defects approaches one.”®) More
accurate approximation schemes for the self-energy of electron—impurity
scattering go by the name of the coherent potential approximation (CPA)
and are basically obtained by summing the same single-site diagrams as
before but using an “effective medium” Green’s function instead of the
unperturbed Green’s function of the host lattice, with self-consistent
scattering potential.**)

4.1. Self-Energy for Scattering by Impurities

For quantum-based devices made of “decent” {low concentration of
defects) semiconductor materials, an approximation to the self-energy can
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use the single-site -matrix approach for the retarded self-energy. In order
to apply to the transport equation derived in Section 3, we need to use
Weyl-transform quantities. Confining ourselves to pure Coulombic interac-
tion with the defects (i.e,, excluding spin-dependent interactions and/or the
“Kondo effect”), we can write the Weyl transform of the retarded® self-
energy as

2'(p,q)=n;1(p, q) (69)

where n, is the impurity density, and T(p, g) is the Weyl transform of the
T-matrix operator, which can be a very complicated function of the single-
site z-matrix. Note that, in general, the multiple single-site scattering
approach will result in expressions for the self-energies which have a linear
dependence on the impurity density »,. The Weyl transform of the T-matrix
obeys the following equation:

T(p, )= V(p, q) + Jd” dv' dj dj' M v g imI e

1

(h*)?
. v , v’

><V<p+1,q~5> T(p+/’,q+5> (70)

where V{(p, q) is the Weyl transform of the impurity potential. From the
identity relations (in 4-dimensional vector notation)

1 e k+k
Fque( )k K) "a(p,q)=akkr5< __2_> (71)
atp.q)= [ de—ky e r0ay 5 (p-E25) )

one can readily show that indeed by performing the transformation of
Eq. (71) the following equation results:

1
- J dg exp > =K 4 T( . g)

(h“ jdqdvdv di dj’

x e~ U -V o= Uh) v, —(R)NE~K) 4

. v ., v

1 e
+Fqu e M= Ty (p, q) (73)
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which reduces to the equation (in 4-dimensional vector notation) in
“momentum” space

Tow=Vae+ | d Viy Ty (74)

The above equation can easily be shown to be identical to the integral
equation for the T-matrix given by Mahan.?*

So far we have only obtained “retarded quantities” through analogy
with equilibrium scattering theory. However, for impurity scattering
problems, the equation for the self-energy defined on the contour is mathe-
matically similar to that of the Green’s function defined on the contour,
Eq. (10). Therefore, using the same procedure for converting the equation
defined on the contour to an equation defined in real time, we arrive at an
equation similar to Eq. (47) for the self-energy instead of the Green’s function.
Equating the matrix elements of X2, we also obtain an equation similar to
Eq. (50), without the second term, since X & is zero for impurity scattering.
We have

22=3'G2x" (75)
which can be written in terms of Weyl transform quantities as
. 1
Z2(p, )= gy | o' dp ' do o dj
s o~ WRB-n o =GR -1 o —/R)] ' o —(i/h)] v

. .o
xZ <P+/3+J,q—§—§>

. AT A
<6 (prpasia-t+5) 2 (pepav) (0

Using Eq. (71) applied to both sides of Eq. (76), we arrive, as we should,
at the following result:

Z2(k, k’)=jd5 dn Z7(k, 3) G=(8, 1) Z°(n, k') (77)
which, with random-impurity-distribution averaging and without external
potential, yields

T2k k)=n, [ dn |T,)? G2(n) (78)

where use is made here of the relation [Z7]" = ¢ The above result is also
given by Mahan.®® For simulating quantum-based devices the self-energies
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must be calculated self-consistently using Eq. (76) or Eq. (77) together with
Eq. (72). From Eqs (34) and (76), we have

I'(p, q)= jdndn dB df' dv dv' dj dj’

T}
coxp| L Bn'+ B0 )]

U !
x 27 (p+ﬁ+1,q—§—§> <p+ﬁ+1 q—g+2>

<t (p+f.7+ %) (79)

In “momentum” space, using Eqs. (34) and (77), the above equation
reduces to an equation corresponding to Eq. (74),

Ik k)= j ds dn 5" (k, 8) A(8, 1) Z9(n, k') (80)

In applying to the general quantum transport equation, Eq. (68), 2 ~(p, q)
and I'(p, q), which determine the kernel of integration, will have to be
calculated self-consistently from Eqgs. (76) and (79), respectively. The
numerical implementation for doing the simulation will involve an iterative
scheme to incorporate the necessary self-consistency, discussed in Section 5.

4.2, Electron Scattering with Quantized "‘Boson’” Wave Field

The scattering of particles in a solid by a quantized “boson” wave field
is generally described by a second-quantized Hamiltonian operator having
the general from 27

H=Hp(¥", ¥)+ Hp(r, §) + Hpp (¥, . 7, ) (81)
where
fi
HAY, )= 3 VIR 0 E, (= 59,) 2R, 1) (52)
R,

1g|VA47], em field

(R, t) )
A g)=Y [ % 3IVRP(R, t)]*],  acoustic phonons (83)

R
(%szz(R, N7, polar crystal

Hpe(P], ¥, m, 8)=— 3, iR, 1) 755(R) Py(R, 1)

R,%,f

{Pi(R, t), phonons
AR, ), photons
(84)
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E (k) is the energy-band function of Bloch electrons, R denotes the lattice
point coordinate,"”’ and the summation convention for all indices is used.
For phonons in a solid, the scalar y is related to the ratio of atomic mass
to the effective charge of resulting dipole moments and g is related to
the elastic constant of a lattice of atoms. The Greek indices include all
quantum labels. For an electromagnetic wave field, y = 1/4rc? and g = 1/4n.
The equal-time commutation rules for the field operators are as follows:

A. For matter-wave field operators:

{PIR, 1), P}(R, 1)} = {F,(R, 1), P4(R', 1)} =0 (85)
{#R, 1), PR, 1)} = 0,50 gu (86)
B. For the phonon wave field (¢ = P):
[7,(R, t), P,(R, )] =§5,,5RR, (87)
[7(R, 1), 7,(R’, )] =[P,(R, 1), P,(R’, 1)]=0 (88)

C. For the electromagnetic photon wave field (7, = A/4nc?):

[AL(R, 1), 4,(R', 1)] = [m(R, 1), 7,(R, £)] =0 (89)
(7R, 1) A4/R, )] =" 67 6% (90)

where 8 0 gy is the so-called transverse 5-function (V - A =0), which in the
contlnuum limit is given by

1 k K.k,
SI(x—X) = (h)Sfdk3{exp[l—ﬁﬂ(x—x/)}}(&,} k2> (1)

Note the universal form of the interaction Hamiltonian operator given by
Eq. (84), characterizing the interaction of the quantized wave field with the
particles. Indeed, the impurity scattering interaction Hamiltonian operator
discussed in the previous section can also be cast in the form of Eq. (84)
{(e.g., the Hamiltonian of the famous Kondo problem in dilute magnetic
alloys).

The coupling matrix y,,(R) in Eq. (84) has the following expressions
for electrons in a solid.

A. For phonons:

1alR)= [ W2x—R) (Va ) Wyx—Rpax’  (92)

Ix - R|
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B. For photons:
e —# 3
V(R =— [ WAx—R)( ==V, ) W,(x—R) dx (93)
mc 1

C. For electron—-impurity scattering (given here for completeness)

Z'e?
[x —R|

Ymﬁ(R)ZJ W:(X—R) ( e‘o‘-(x—R)) Sacﬂ Wﬁ(x—R) dx3 (94)

where the W function is the localized Wannier function and S, is the Pauli
matrix for the case of magnetic impurities.

In what follows, we will evaluate the sums over lattice points as an
integral (ie., continuum approximation of the lattice coordinates,
> r — [d’R). Dropping the Greek indices, for simplicity (ie., one-band
model and spin-independent interactions), it is easy to see that the
approximation to the electron self-energy for electron—phonon scattering is
very similar to that which arises for the electron—electron Coulomb
interaction. To see this, one writes the effective equation for the electron
field operator as®>

. P(x)=E, (— ﬁ_vx> P(x)
ot i

9 [ dx Dolx, x,) ¥1(xy) W(x,) W)
+%de2 V(x, x2) #1(x,) P(x,) P(x) (95)

where the last term represents the electron—electron Coulomb interaction
corresponding to the residual screened Coulomb interaction between Bloch
electrons. The photon propagator Dy(x,, x,) multiplied by the square of
the coupling constant y represents the interactions between Bloch electrons
through the exchange of phonons. Thus, the perturbation treatment of
electron—phonon scattering is formally similar to that for the electron—
electron interaction problems.?

A meaningful and significant contribution to the electron—phonon self-
energy is given by a “ome-phonon” diagram similar to the Hartree—Fock
exchange diagram of the electron—electron scattering [note that in contrast
to V(x, x,), Dy(x, x,) is nonlocal in time] defined on the time contour as

Z(1,2) =iG(1, 2) D(1, 2) (96)
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Therefore by fixing the time order, we immediately obtain, in real time,
23(1,2)=iG%2(1,2) D%(1,2) (97)

Equation (97) immediately leads to the expression for the retarded and
advanced self-energies in terms of the Green’s function and phonon
propagator:
o1, 2)=i[G"*(1,2) D~ (1,2)+ G=(1,2) D"%(1, 2)] (98)

To avoid the immense complication of solving the complete quantum
transport equation for phonons to obtain the nonequilibrium phonon
propagator, we make some simplifications. We assume that we can use the
phonon propagator for a phonon system at equilibrium. Note, however,
that the phonon relaxation times may be comparable to the electron transit
time across the quantum region of a device."™

In applying the above results for phonon scattering to Eq. (68), we are
interested in the Weyl transform equivalent of Eq. (97). We have, in four-
dimensional vectors, Eq. (54), the following

22(1)9 Q) = lj dU e(i/h)p-v
xG=(g—30v,9+3v)
xD=(q— 30,9+ 3v) (99)
The phonon propagator for a phonon system at equilibrium satisfies

D3(g~bv. g+50)=D3(v)

D%(v)z%jdkewh)kmu%(k)

=

Hence we have

4

Z2(pg)=o5 J dk dp VPR -0

=

xG=(g—1Lov,q+4v) D3(k)
=héjde2(p+k,q)Dz(k) (100)
and therefore we also have
I(p,4)= —73 | @ (6™ (p+K 9) D> (K)

—G=(p+k, q) D=(k)} (101)
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The expressions for the Fourier-transformed equilibrium phonon
propagators are

D<(k, E')
Dk, E')

=iy {(Ne+ DhS(E'+ Q)+ N hS(E'+Q,)} (102)
—ipp{(N+ D)hS(E'+ Q)+ N hS(E'—Q,)} (103)

where €2, is the energy-momentum relation for phonons. Substituting the
explicit expressions for D> (k, E’') and D=<(k, E’) in the expression for
22(p, q), and I'(p, q) above and integrating with respect to E’, we obtain
the following expressions:

55 (p. )= [ K Gk E 42, ) 5Ny + 1)
+G<(p+k, E—Q,,q)yiN,} (104)
> (p, q)=£3fdk (G (p+k E—Q,, q) JA(N, +1)
+G7(p+k, E+Q,,q)7i N, } (105)
T @)= [ dk (RMATAD 4K, E+ 2, )+ A+, E— 2y, )]

+i[G7(p+k E—Qy, q)—G=(p+k E+Q,,9)]}  (106)

We note that for a uniform system at steady-state conditions
(independent of g), the expressions for 2<(p, q), Z<(p, q) and I(p, q)
reduce to those given by Mahan.®® For I'(p, ) of a uniform system at
steady state, use can be made of the following exact relations:

—iG=(p, E)=1.(p, E) A(p, E) (107)
iG”(p, E)=[1-7,(p, E)] A(p, E) (108)

where
(p, =

which follow from the equal-time commutation relations for the field
operators. These relations are exact, since the Weyl transform of the
product of operators for uniform systems at steady state reduces to the
product of their Weyl transforms. However, for nonuniform system and/or
the nonstationary state, this relations do not hold and the so-called
“Kadanoff-Baym Ansatz>%?®” is generally not valid for nonequilibrium
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transport. The “Kadanoff-Baym Ansazz” is only valid up to the first order
in the gradient (i.e., has zero-order accuracy) and the so-called “generalized
Kadanoff-Baym Ansatz” given by Lipavsky et al.®® can be shown to be
only valid up to the second order in the gradient expansion (Appendix B).
When the last two relations are substituted in the expressions for Z<(p, g)
and I'(p, g), we obtain

i
Z¥(pq) =33 | dk {fu(p+k B+ Q) A(p+k, E+2,) (N + 1)

+1 @+ E-Q,) A(p+k, E—Q,) i Ny} (109)

i
I(p. )= | dk (GEIN+ £ +K E+ 201 A +k E+2,)

+7N+ 1= fu(p+k E—Q)] A(p+k, E~Q,)} (110)

which agrees with the result given by Mahan.** For application to the
simulation of high-speed devices using Eq. (65) or (68), the more general
results will have to be used self-consistently through an iterative numerical
procedure. In the next section we will use the last two equations to
highlight the collision terms in Eqs. (65) and (68).

5. SELF-CONSISTENT SOLUTION AND SIMPLIFICATIONS OF
MANY-BODY QUANTUM TRANSPORT EQUATIONS

The exact quantum transport equations (65) and (68) do not stand
alone for two reasons: (a) these equations are coupled to the equation for
G" (or G”) and to “boson” field propagators, (b) the kernel of the integral
operators depends on G” (or G”) and the sought after solution G~ {and
hence f,), as well as, in general, to the “boson” field propagators. In
Section 4.1, we made the assumption that the phonon propagator is known
and corresponds to the propagator for a phonon system at equilibrium.
Besides the approximations made in the self-energy expressions, this
constitutes one major simplifications of Eqs. (65) and (68), by giving up
self-consistency with respect to the phonon (or interacting “boson”)
systems.

However, self-consistency with respect to the particle system must be
retained. Following the well-known standard technique of all many-body
calculations, one tries to achieve self-consistency by an iterative procedure.
Therefore, in solving Eqgs. (65) and (68), one uses “noninteracting” G5 and
G§ (or G§) to evaluate the kernel of the integral operator, and all other
terms in the right-hand side (rhs) of these equations [note that H(p, ¢)
includes Re 27(p, ¢)]. Then the known “operators” in the rhs of Egs. (65)
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and (68) are used to solve for new G< and f,. The equation for G’,
Eq. (39) or (43), will also be solved for new G, after which the process may
be repeated with the new set of approximate G< and G".

In the practical numerical simulation of quantum-based devices, "'
the first iteration of the above-mentioned self-consistency procedure may
represent a more accurate enough solution, depending on the choice of the
starting solutions for the iteration process. A clear choice for quantum-
based device analysis would be the solutions obtained for noninteracting
particles. This means that the zero-order approximation neglects all the
terms except the first term in the rhs of Eqgs. (65) and (68). The numerical
procedure and technique for obtaining time-dependent and steady-state
solutions for a resonant-tunneling device (RTD), within the effective-mass
approximation for noninteracting particles, has now been established, and
obtaining the solution of these devices is by now a routine task.7

When H(p,q) in Eq.(59) can be written in the effective-mass
approximation as

2

p
2m*

A(p,q)=5—=+ V@) (111)

where ¥(q) is the potential in the device region, then Egs. (65) and (68),
in the absence of collisions and scattering, reduce to the following
expressions:

5]
=G (B E g )= Y, G (b E g 1)

ot
1
+Fjdp’ dv[V(q—k%)—— V(q—%)il
x sin [(3;—") -v:| G=<(p, Eq,1) (65a)

4 P
Efw(pa 9 t)‘“ _ﬁvqfw(p’ 9, t)

+%Jdp’ dv[V(qu%)—- V(q—%)]

X sin [(R;—p’> -v} fopsa ) (68a)

Equations (65a) and (68a) are the well-known forms of the time evolution
equation for the Wigner distribution function for noninteracting particles.
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The time-dependent and steady-state solutions of these equations have
been given by Frensley” and by Jensen and Buot.®®) A random-phase
approximation to the electron—electron interactions within the effective-
mass approximation can easily be incorporated in their numerical solutions
by simultaneously solving the Poisson equation together with Eq. (68a),
thus obtaining an improved initial starting value for G5 and Gj.

Another approach, which is only of academic interest here, often taken
in the literature is to obtain the time evolution equation of the Green’s
function to first order in the gradients, leading to the so-called quantum
Boltzmann equation (QBE). Therefore, results often given in the literature
correspond to the result obtained by expanding Eg. (59) up to the first
order in the gradient. We immediately obtain, up to first order in the
gradient expansion of Eq. (59), the following:

0G= ~
_—a—t—— (pa E, q, t) = [H(pa Q)) G<(pa l])] + [Z<([’» q): Re G'(p! Q)]

+i{Z<(p,q)G7(p, ) =27 (p,q) G=(p,q)}  (112)

where we have used the definitions of 4(p, q) and I'(p, q) from Egs. (33)
and (34), and the Poisson bracket notation of Kadanoff and Baym.")
From the definition of A(p, q) given by Eq. (52), and noting that Kadanoff
and Baym define the Weyl transform with multiplier i, we immediately
recognize that the last equation is identical to the one given by Kadanoff
and Baym,?’ which has become the basis for almost all investigations
concerning high-field transport of submicron devices.“®

Clearly, the QBE result is markedly different from Eq. (65a) in the
limit of vanishing self-energies and hence precludes at the outset quantum
effects due to tunneling and quantum interference, and therefore is not of
any use for the numerical simulation of RTD. A most instructive way to see
this is to examine the effective potential as seen by the particles in Eq. (68a)
compared with that of Eq.(112). Whereas in Eq.(112) the particles
essentially “feel” the classical potential, plus many-body corrections from
the self-energies, the particles in Eq. (65a) see an effective potential V4
which is the sum of a classical potential and a quantum potential, defined
by the following equation®’:

1

(VoVer) VoSl @) =7 f dp' Vg, p—p) /.0, 0 (113)

where V(q, p) is defined by (68a) and may include all many-body correc-
tions just as in Eq. (112). V4 is responsible for the tunneling mechanism in
RTD.®
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At the end of Section 3, we referred to the first two terms on the rhs
of Egs. (65) and (68) as describing the complicated quantization of particle
motion in phase space, including quantum tunneling and interference
phenomena. The first term clearly represents the motion of particles with
an “effective single-particle Hamiltonian” given by Eq.(52). The second
term represents “bona fide” many-body effects in the single-particle kinetics
and may be viewed as a “second-order” kinetic correction to the particle
motion due to collisions and scatterings.'* The last two terms account for
the transfer of particles in 4-dimensional vector phase space due to
collisions and scatterings. To see this, let us evaluate the last two terms for
a uniform system at steady-state conditions for impurity scatterings and
phonon scatterings.

5.1. Impurity Scattering

For a uniform system at steady state, the last two terms of Eq. (65) or
Eq. (59) yield

Z5(p) A(p)—1I(p)G=(p)

=2 [W, (E) G=(k, E)—= W, _,(E)G(p, E)] (114)
k

where

Wy p =il Tip(E)* A(k, E) (115)
Wyer=n|Tu(E)* A(p, E) (116)

Clearly the rhs of Eq. (114) is identical to the usual form of the collision
operator of the Boltzmann equation.

5.2. Electron-Phonon Scattering

Using Eqgs. (109) and (110) for obtaining X<(p) and I(p),
respectively, we can write

—i[Z=(p) A(p)—I'(p) G=(p)]
=Y (Wi fup+k E+ )+ W fu(p+k E— Q)]
k

_Z [W;kfw(p7 E)+ W:kfw(pa E)] (117)
k

822/61/5-6-19



1250 Buot

where
Wa=Ap+k E+Q,) Ap, E) 7i(N, +1) (118)
Wa=A(p+k E—Q,) A(p, E) yi Ny, (119)
Wip=Ap+k E—Q,) A(p, E) yi[N,+1-f(p+k E—Q,)] (120)
Wi =A(p+k E+2,) Ap, E)yi[Ne+ f(p+k, E+ Q)] (121)

A more revealing from for Eq. (117} is obtained if the spectral function
A(p, E) is approximated as a delta function, A(p, E)=h 6(E — E). Then
Eq. (117) reduces to the form of the collision operator of a Boltzmann
equation as

—;l—lf dE[2=(p) A(p)—T(p) G=(p)] =Z W fuK) =Wy o fu(K)]

where (122)

Wi =(h) 6(Ey — Ex + 24 1) i (N + DI = £,,(K)]

+ (1) 8(Ex — Ep — 2y 1) ViV [T = £,(K)] (123)
Wi o= (1) (Ey — Ep = 24 _) Vi 1N i+ D= £,(k)]

+ (W) O(Ey—Ev + 24 ) v N W1 -£,()] (124

The last result for the collision operator agrees with the collision operator
recently derived by Lin and Chiu'® insofar as one can replace the spectral
function by a delta function, as can be shown by rearrangement of terms,
appropriate change of variable k' —k to the phonon wavevector ¢, and
performing the sum over q in place of k’. However, contrary to the claim
made by them, the above forms are only valid for uniform systems at
steady state. Moreover, their formalism is based on a first-order gradient
expansion from the beginning and hence has very limited application to the
simulation of realistic high-speed devices, characteristics of all QBE results.
For phonon scattering at low enough temperature, we may ignore
the contribution of Egs. (123), so that the contribution to the collision
operator will solely come from —I'(p) G=<(p) and the rhs of Eq. (122) may
be written as —f,,(k)/z, where t is the relaxation time. Another approxima-
tion to Eq. (122) in terms of the relaxation-time approximation, which is
strictly valid only near equilibrium, is based on the use of the normalized
equilibrium distribution function f,(k) and proceeds as follows:

1
% Wy cw oK)= Wy o fu(K)] =;Z [fo(k) £, (k") — fo(k') £,.(k)]
(125)
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where
Wi (126)

A o=
I
=[]

1 1
SR =W ad, —folk) =W (127)

Therefore, for constant relaxation time t, f,(k)/r represents the transition
rate W, ., in momentum space. Recently, Frensley'? has employed this
approximation to investigate the effects of collisions on the device charac-
teristics of RTD. This paper serves to clarify his approximation, which was
guided by making an analogy to the Boltzmann equation. Since f,,(p, q) is
a strong function of ¢ in RTD, even at steady state,'”*) and furthermore
since f,(p,q) is far from thermal equilibrium, where complete detailed
balance holds, this approximation is a poor approximation and is far from
being self-consistent. The “Fokker-Planck collision operator” in k space
also employed by Frensley'> does not seem to Have any theoretical basis
within the many-body quantum transport theory, since all derivatives
are governed by the Poisson bracket operator. Moreover, for transient
simulation of RTD all of the above approximations are clearly suspect.
Serious numerical work is urgently needed for more accurate treatment of
scattering and collisions in quantum transport.

6. CONCLUSIONS

We have presented a well-rounded and exact formalism of many-body
quantum transport which serves to unify various approaches based on (a)
the generalized quantum Boltzmann equation, (b) the time evolution
equation of the Wigner distribution function first derived by Wigner, (c)
density-matrix projection operator techniques, and (d) path integral
techniques.®" An elegant treatment for problems of Bloch electrons in the
presence of a uniform external electromagnetic field®® is straightforward
and follows the Weyl-Wigner quantum mechanical techniques employed
by the author in previous works.®® This paper serves to fill the need of
device physicists for advancing the numerical simulation of quantum-based
devices, particularly tunneling devices such as RTD, to include scatterings
and collisions while retaining full quantum effects such as tunneling and
quantum interference. Indeed, this investigation is in part motivated by the
absence in the literature of a quantum transport formulation to all orders
in the gradients, suitable for realistic device analysis. The often treated
generalized QBE essentially proceeds as a first-order gradient expansion
from the very beginning and therefore has very limited use for modeling
realistic devices. We have shed light on approximations that have been
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recently attempted in the literature for including scatterings in the Wigner
distribution-function formulation of quantum transport for simulating
quantum-based devices. Further serious and large-scale numerical work is
clearly needed for more accurate understanding of the effects of scattering
and collision in quantum-based electronic devices.

APPENDIX A. EXACT INTEGRAL OPERATOR OF THE
QUANTUM TRANSPORT EQUATION

Let us denote the Weyl transform of two operators 4 and B as a(p, q)

P

and b(p, q), respectively. The Weyl transform of A8=C is denoted as
¢( p, ). Then we have the relation

c(p, q)=[exp(id)] a(p, q) b( p, ) (Al)

where A is the “Poisson bracket” operator used in the text. First let us
evaluate the expression

'ha(a) @(b)
[exp <“l 55;@)] a(p, q) b(p, q)

We do this by first writing the Weyl transforms a(p, g) and &(p, g) as
Fourier-transformed quantities:

a(p, )= | dv e Ko(g—Lv, g+ Iv) (A2)

b(p, 9)= [ du e K*(p+ du, p—hu) (A3)

Making use of well-known “differential displacement” operation, we thus
obtain

ho@® o®
_2c 7 b
[oxp (=155 5) |atr 01000

) .
:Fjd" dq’' {CXP [é (q—q’)-u}} a <p+g, q> b(p,q') (A4)

where the inverse Fourier transform relations corresponding to Egs.
(A2)-(A3) were used to bring back Weyl-transformed quantities in Eq. (A4).

Let us write b(p, q') in Eq. (A4) by making use of the alternate expres-
sion of Eq. (A3) as

b(p,q') = dve ™7 (g — Lv, q' + 1) (AS)
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Applying the remaining differential operation in the Poisson bracket
occurring in the exponent A, proceeding in a similar manner as before, and
then making a change of variables

u_ .
>=J
UI
—q¢=—= A6
q9—q 2 (A6)
p—p=—J
we obtain
- 1 o
[exp(id)] a(p. 4) b(p. 4) = Gy [ o ' dj

xexp(—%jw’)exp(—%j’-u)

: v ., v’
><a<P+J,q—§>b<p+J,q+5> (A7)

By a similar procedure, we have

[exp(—id)] a(p, q) b(p, q)

1 T ER I l ’ i~/
=(h—4)5jdvdv dj dj exp<—%]-v>exp<——ﬁ] -u>
v . v’
><a<p—j,q+§>b(p+1’,q+5> (A8)

We combine Eqs. (A7) and (A8) and make the following further change of
variables,

p+j'=p
+U_,~ , (A9)
9+5=4

to bring the results into an integral operator form. Noting that the sum
and difference of a(p + j, ¢—v/2) and a(p— j, g +v/2) is “even” and “odd,”
respectively, in the variables j and v, we may therefore now write
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sin(4) a(p, q) b(p, 9)

:(_hi_)_zqu' ' {J dvdj[a <p+j, q—%)
—a (p—j, q+§>] sin [% (q’—q)]
wisin(7 Lo} birta) (AL0)
cos(4) a(p, ) b(p, 9)
=(th)2j dq’ dp’ {f dvdj[a <p+j, q—%)+a <p—j, q+%>]

X COS [21"(41_‘1)} cos <p;p.u>}b(p', 7) (A11)

f

We have chosen to write the kernels of the integral operator in Egs. (A10)
and (A11) in the form given by Eqgs. (63) and (64) in the text, since in the
absence of scattering and collision the integral over j can often be carried
out when written in the form given in the text.

APPENDIX B. THE KADANOFF-BAYM ANSATZ

Recently Lipavsky et al. (LSV)®® proposed a generalized Kadanoff-
Baym (KB) Ansatz by writing G < as a product of two operators, one being
the density matrix operator for electrons or holes. The idea is to separate
the operator whose Weyl transform gives the Wigner distribution function
for electrons or holes. However, we see in Appendix A that in general,
granted that the separation can be done, the resulting Weyl transform of
GZ will not be a simple product of the Weyl transform of the particle
density-matrix operator and that of the Weyl transform of the other
operator (obtained by some ad hoc choice by LSV). The question then
becomes, what is a more accurate way of achieving the separation, so
that the Weyl transform is approximated by a simple product of Weyl
transforms?

As originally proposed by LSV, the generalized KB Ansaiz is written,
in our notation, as

—iGZ=i(G'p% — p2GY) (B1)

where the Weyl transform”) of p= (electron density-matrix operator) is
the Wigner distribution function. We can immediately see that the Weyl
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transform of —iG = is equal to A(p, q) f,,(p, g) plus first-order and higher-
order gradient corrections.
A more accurate Ansatz can easily be obtained by writing Eq. (B1) as

= i roz [ = a
—iG<:§{G,p<}—§{p<,G} (B2)

which is clearly equal to 4(p, q¢) pZ(p, q) plus second-order and higher-
order gradient corrections. Equation (B2) is the generalized KB Ansatz
referred to in the text; it is more accurate and retains the full symmetry
between electrons and holes.
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